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Abstract. The central purpose of the present paper is to study boundary 
behavior of squeezing functions on bounded domains. We prove that the 
squeezing function of a strongly pseudoconvex domain tends to 1 near the 
boundary. In fact, such an estimate is proved for the squeezing function on 
any domain near its globally strongly convex boundary points. We also study 
the stability of squeezing functions on a sequence of bounded domains, and 
give comparisons of intrinsic measures and metrics on bounded domains in 
terms of squeezing functions. As applications, we give new and simple proofs 
of several well known results about geometry of strongly pseudoconvex do- 
mains, and prove that all Cartan-Hartogs domains are homogenous regular. 
Finally, some related problems that ask for further study are proposed. 



1. INTRODUCTION 

In a recent work [5], the authors introduced the notion of squeezing functions 
to study geometric and analytic properties of bounded domains. The squeezing 
function of a bounded domain D is defined as follows: 

Definition 1.1. Let D he a, bounded domain in C". For z £ D and an (open) 
holomorphic embedding f : D ^ B" with f(z) — 0, we define 

sd{zJ) ^ snp{r\B''{0,r) C f{D)}, 

and the squeezing number sd(z) of Z) at z is defined as 

sd(z) = sup{sLi(^;,/)}, 
/ 

where the supremum is taken over all holomorphic embeddings f : D ^ with 
/(z) = 0, B" is the unit bah in C", and B"(0,r) is the baU in C" with center 
and radius r. As z varies, we get a function sd on D, which is called the squeezing 
function of D. 

Roughly speaking, sd{z) describes how does the domain D look like the unit 
ball, observed at the point z. By definition, it is clear that squeezing functions 
are invariant under biholomorphic transformations. Namely, if / : Di — )■ D2 is a 
holomorphic equivalence of two bounded domains, then S]j^ of ~ soi- Though 
the definition is so simple, it is turned out that so many geometric and analytic 
properties of bounded domains are encoded in their squeezing functions. 
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Some interesting properties of squeezing functions were established in For 
example, squeezing functions are continuous; and for each p Cz D, there exists an 
extremal map realizing the supremum in Definition 11.11 

In the present paper, we continue to study squeezing functions and their applica- 
tions to geometry of bounded domains. We first consider the stability of squeezing 
functions on a sequence of domains. We prove that, for a sequence of increasing 
domains convergent to a bounded domain, the squeezing functions of these domains 
converge to the squeezing function of the limit domain. We also prove a weaker 
result for a sequence of decreasing domains. 

A homogenous regular domain (introduced in |13) ) is a bounded domain whose 
squeezing function is bounded below by a positive constant. By the famous Bers 
embedding (l3]), Teichmiiller spaces of compact Riemann surfaces are homogenous 
regular. In the past decade, comparisons of various intrinsic metrics on Teichmiiller 
spaces were extensively studied (see e.g. [1] [S] [H] [23] ) • The equivalence of certain 
intrinsic measures on Teichmiiller spaces was proved in '18'. In '13', it was proved 
that the Bergman metric, the Kobayashi metric, and the Caratheodory metric on 
a homogenous regular domain are equivalent. Geometric and analytic properties of 
homogenous regular domains were systematically studied in [241, where the term 
homogenous regular domain was phrased as uniformly squeezing domain. In this 
paper, we modify the methods in |18) and |24] to give comparisons of intrinsic 
measures and metrics on general bounded domains in terms of squeezing functions. 

The central problem in the theory is studying boundary behavior of squeezing 
functions. For a smoothly bounded planar domain D, it was shown in [5^ that 
Imiz^dD soiz) = 1- In this paper, we try to generalize this result to strongly 
pseudoconvex domains of higher dimensions. To state the main results, we first 
introduce the notion of globally strongly convex boundary points. Let D he a 
bounded domain in C" and p € dD. We call p a globally strongly convex (g.s.c) 
boundary point of D if dD is C^-smooth and strongly convex at p, and D n TpdD = 
{p}, where TpdD is the tangent hyperplane of dD at p. In the present paper, we 
will prove the following result: 

Theorem 1.1. Let D C C" be a bounded domain. Assume p G dD is a g.s.c 

boundary point of D. Then lim^_>.p soiz) — 1. 

Let Z? be a bounded strongly pseudoconvex domain and p G dD. It is well known 
that there is a local coordinate change near p such that dD is strongly convex at p 
under the new coordinates. It is natural to ask whether the coordinate change can 
be taken globally on a neighborhood of D7 A stronger version of this question is 
whether we can find a coordinate change on a neighborhood D such that, under the 
new coordinates, p is a g.s.c boundary point of D. In a recent work, Forna;ss and 
Wold answered this question affirmatively and proved the following deep result: 

Theorem 1.2 ( 7 ). Let D be a bounded .strongly pseudoconvex domain in C" with 
-smooth boundary and p G dD. Then there is a neighborhood D of D and a 
holomorphic (open) embedding f : D ^ C" such that f{p) is a g.s.c boundary point 
off{D). 

Applying Theorem 11.11 and Theorem 11.21 can prove the following: 

Theorem 1.3. Let D be a bounded strongly pseudoconvex domain in C" with C^- 
smooth boundary. Then WuYz^qjj sd{z) = 1- Ln particular, by the continuity of 
squeezing functions, D is homogeneous regular. 
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Theorem 11.31 provides a different approach to the famous Levi's problem, which 
states that all pseudoconvex domains are holomorphically convex. We now explain 
the idea. Let Z? be a bounded strongly pseudoconvex domain. By Theorem ll.3[ D is 
homogenous regular. As shown in jS , it is then easy to prove that the Caratheodory 
metric on D is complete, which implies that I? is a domain of holomorphy. Note 
that any pseudoconvex domain can be approximated by an increasing sequence 
of bounded strongly pseudoconvex domains, and that the limit of an increasing 
sequence of holomorphically convex domains is also holomorphically convex, we get 
a solution to Levi's problem. 

Based on Theorem 11.31 and other results in the present paper, we can give a 
different proof of Wong's result which says that a bounded strongly pseudoconvex 
domain is holomorphic equivalent to the unit ball if its automorphism group is 
noncompact, and give new and simple proofs of some other well known results 
about geometry of strongly pseudoconvex domains (see ^15. 21) . 

Theorem 1 1.1 1 can also be applied to investigate the geometry of Cartan-Hartogs 
domains, which are certain Hartogs domains with classical bounded symmetric 
domains as bases. Those domains have been extensively studied in the past decade 
(see e.g. [25l|6l[20l[T9l[l6l[Tl[2l). Motivated by the works in [Ts;, Yin proposed a 
problem that whether all Cartan-Hartogs domains are homogenous regular (_26J. 
In this paper, we answer this question affirmatively. Consequently, all Cartan- 
Hartogs domains are hyperconvex and have bounded geometry; various classical 
intrinsic metrics, as well as all the measures considered in ^ on these domains are 
equivalent. 

Though squeezing functions are originally defined for bounded domains, sim- 
ilar idea is possibly applied to algebraic geometry. In fact, by Griffiths' results 
on uniformization of algebraic varieties [llj . we can define squeezing functions on 
projective manifolds, which will be studied more carefully elsewhere (see Sj6|). 

The rest of the paper is organized as follows. In Sj2l we study the stability 
of squeezing functions on a sequence of domains. In ^ we give comparisons of 
intrinsic measures and metrics in terms of squeezing functions. We prove Theorem 
II. II and Theorem ll.3l in SjH In fj5l we apply the results in previous sections to study 
geometry of Cartan-Hartogs domains and strongly pseudoconvex domains. In the 
final ^ we propose some related problems that ask for further studies. 

Acknowledgements. The authors are grateful to J. E. Fornsss for showing them 
the preprint [7,. They like to thank B.Y. Chen, K.-T. Kim, K.F. Liu, P. Pfiug, 
S.-K. Yeung, W.P. Yin, and X.Y. Zhou for helpful discussions. The authors are 
partially supported by NSFC grants (10901152 and 11001148), BNSF(No.ll22010) 
and the President Fund of GUCAS. 

2. Stability of squeezing functions 

In this section, we consider the relation between the limit of squeezing functions 
of a sequence of domains and the squeezing function of the limit domain. For a 
sequence of increasing domains, we have the following 

Theorem 2.1. Let D C C" be a bounded domain and C D {k G N) be a 

sequence of domains such that UfcDfc = D and Dk C Dk+i for all k. Then, for any 
z £ D, limfc^^oo sd^{z) = sd{z). 



4 



F. DENG, Q. GUAN, AND L. ZHANG 



Proof. By the existence of extremal maps w.r.t squeezing functions (see Theorem 
2.1 in [5]), for each k, there is an injective holomorphic map fk '■ Dk — > such 
that fk{z) = and i?"(0, sd^{z)) C fk{Dk)- By Montel's theorem, we may assume 
the sequence fk converges uniformly on compact subsets of 13 to a holomorphic 
map f : C". 

We first prove that / is injective. Assume z e Dkg for some fco > 0, then it is 
clear that 

so.iz) > '^^^'^^^^ > ^(^'^-Pfco) 
~ diam{Dk) ~ diam{D) 
for k > ko. So there is a 5 > such that B^{0,S) C fki.Dk) for all k > k^. Set 
9k = fk^\B"('a,S) ■ S"(0,(5) D. By Cauchy's inequality, \ det{dgk{0))\ is bounded 
above uniformly for all fc > fco by a positive constant. Hence there exits a constant 
c > 0, such that \det{dfk{z))\ > c for all fc > fcg. This implies det{df{z)) ^ 0. 
So the injectivity of / follows from Lemma 2.3 in [5 and the generalized Rouche's 
theorem (Theorem 3 in il5i). 

Since / is injective, it is an open map (see e.g. Theorem 8.5 in ^9,). On the other 
hand, it is clear that f{D) C B". So we have f{D) C S". 

We now prove that saiz) > limsupj, sd^ (z). Let sd^. be a subsequence such that 
limfc;_>tx) sdi^ (z) = limsupj. sd^{z) = r, then, as explained above, we have r > 0. 
Let e > be an arbitrary positive number less than r, then i3"(0, r — e) C fk{Dki) 
for ki large enough. Set hk^ = fk^\B^{o,r-t), then limfe^^oo | det((i/ife^ (z))| = 
I det(fi/~^(0))| 7^ 0. Bey the argument mentioned above, h := limfc. /ifc. is in- 
jective and hence h{B"^{0,r — e)) C D. This implies f{h{w)) make sense for all 
w e B"(0,r - e). It is clear that f{h{w)) = w for all w € S"(0,r - e). So 
i3"(0,r — e) C f{D) and soiz) > r — e. Since e is arbitrary, we get sd{z) > 
limsupk SD^{z). 

Finally, we prove that S]j(z) < liminffe s/j^ (z). Let sd^, be a subsequence 
such that limfc'_>.tx) S£)^, (z) = liminf^ sdj.(z). By the existence of extremal map, 

there exists an injective holomorphic map ip : D B" such that f{z) ~ and 
-B"(0, s_d(z)) C (fliD). For arbitrary < e < s_d(z), by assumption, ip^^ {B"-{0, sd{z) — 
e)) C Dk'. for k[ large enough. So, for k[ large enough, we have sd^, (z) > SD{z)~e. 
This implies sd(z) — e < V^nk'.-^oo SD^, iz)- Since e is arbitrary, we get S£)(z) < 
limfe/_>oo (z) = liminffe SD,,iz). □ 

For a sequence of decreasing domains, we have 

Theorem 2.2. Let D C C" be a bounded domain and Dk D D {k E be a 

sequence of domains such that DkDk — D and Dk+i C Dk for all fc. Then, for any 
z e D, soiz) > limsup;, s_d^(z). 

Proof. For each fc, let fk ■ Dk — ?> B" an injective holomorphic map such that 
fk{z) = and B'^{Q,sd^[z)) C fk{Dk). By Montel's theorem, we may assume 
limj; fk = / exists and give a holomorphic map from D to C" . By the same 
argument as in proof of Theorem 12. H we see that / is injective and f{D) C B". 

Without loss of generality, we assume \\nik SDk{z) — f- Then, for any e > 0, 
S"(0,r - e) C /fc(Dfc) for fc large enough. Set gk - fk'\BHo,r~e) ■ B"(0,r - e) ^ 
Dk- We can assume gk converges uniformly on compact subsets of i3"(0,r — e) 
to a holomorphic map g : B"(0,r — e) — C". Similarly, one can show that g 
is injective and hence open. On the other hand, by assumption, it is clear that 
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5(B"(0,r - e)) C nfc>i£'fc. Hence g{B''{0,r ~ e)) C nfc>ii:'fc = D. This implies 
that f{g(w)) makes sense for all w G i?"(0,r — e). It is clear that f{g{w)) ~ w for 
all w e i?"(0, r — e). So i3"(0, r — e) C f{D) and sdI^) > r — e. Since e is arbitrary, 
we get s_d(z) > r = limfe s^Jz). 

□ 

The following example shows that the strict inequality in Theorem l2.2l is possible: 

Example 2.1. Let D = {(21,22)10 < \z2\ < \zi\ < 1} be the Hartogs triangle in 
C^. For a positive number e (small enough), we define a domain in as 

14 = {(zi,Z2)|0< |zi| < 1,0< \Z2\ <e}. 

Set ~ D U Ve. Let z^ — {z{,Z2) be a sequence of points in D satisfying the 
conditions \z^^\ < (1 + i)|z2| and {z^l > a for all j , where a > is a fixed constant. 
Then we have 

1) . \\m.j^ao Sd,_{^'') — uniformly with respect to t, and 

2) . there exists a positive constant c, such that sd{z^) > c for all j. 

Proof. 1) By the Riemann's removable singularity theorem and Hartogs's extension 
theorem, the Caratheodory metric C'd, on is given by the restriction on £>£ 
of the Caratheodory metric on A x A. Note that the Caratheodory metric on 
A X A is continuous, it is clear that there exists a sequence of positive numbers 
r^ such that lim^ = and the balls, denoted by B^{z^,r^), in centered at 
z^ with radius r^ with respect to Cd, , are not relatively compact in £>£ for all j 
and all e small enough. Assume f : ^ is an injective holomorphic map 
such that f{z^) = and B'^{Q, sdS^^)) ^ fi^e)- By the decreasing property 
of Caratheodory metric, we see that f{B^{z^ ,a{ '^"^!f •* ))) is relatively compact in 
f{De), where a : [0,1) M is the function defined as a{x) = In-]^. Since / is 
injective, this implies so^iz^) < 2a^^{r^) for all j. Hence limj_>.oo S]:)^{z^) tends to 
uniformly w.r.t e. 

2)The map f{zi, Z2) = (zi, |^) gives a holomorphic isomorphism from 13 to A* x A*. 
Denote ^p{z-') by (iw^, W2), then \wW, jwjl > a- Note that the squeezing function on 
A* is given by s^*{z) — \z\ (see Corollary 7.2 in [5]), so we have sa*xA*(wi, Wj) > 
-^a for all j. By the holomorphic invariance of squeezing functions, we get sd{z^) > 
for all j. □ 

3. Comparisons of intrinsic measures and metrics 

In this section, we give comparisons of intrinsic measures and metrics on bounded 
domains in terms of squeezing functions. 

3.1. Comparisons of intrinsic measures. Let D be a domain in C". The 
Caratheodory measure on D is defined to be the (n, n)-from 

M%{z) = M2iz)^dzi A dzi A • • • A ■^dzn A dz„, 

where 

Mg{z) = sup{| det /'(z)|2; / : D ^ holomorphic with f{z) = 0}; 
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and the Eisenman-Kobayashi measure on D is defined to be the (n, n)-from 
M^{z) = {z)^dzi A dzi A • • • A ^dzn A c?z„, 

where 

Mj^{z) = inf{l/|det/'(0)p;/ : B'' ^ D holomorphic with /(O) = z}. 

The Caratheodory measure and the Eisenman-Kobayashi measure satisfy the 
decreasing property. Namely, if / : Di — > D2 be a holomorphic map between two 
domains in C", then f*M%^ < and f*M^^ < M^^. 

Let hhe a norm on C", and let B"{h) {v\ C"|ft.(w) < 1} be the unit baU 
with respect to h. Then the measure of h is defined as 

uo?(B") i , ,_ i , 

-azi A dzi A • • • A -az„ A azn, 



vol{B"{h)) 2 2 

where vol{B'^) and vol{B'^{h)) denote the Euclidean volumes of and B"'{h) 
respectively. Note that the measure of h is completely determined by h, and inde- 
pendent of the choice the original inner product on C". 

On a bounded domain D, the Kobayashi metric and the Caratheodory metric 
(see e.g. jl2j for an introduction) are nondegenerate, namely, they give norms on 
tangent spaces at all points oi D. So we can define the measures of the Kobayashi 
metric and the Caratheodory metric on D and denote them by Ai^ and 
respectively. Since the Kobayashi metric and the Carathedory metric satisfy the 
decreasing property (see e.g. |12j). so do their measures. Here one should note 
that, in general, the Caratheodory (resp. Eisenman-Kobayashi) measure and the 
measure of the Caratheodory (resp. Kobayashi) metric are different. 

On the unit ball B", all the four measures defined above coincide. Let M and 
M' be any two of the four measures, i.e., the Caratheodory measure, the Eisenman- 
Kobayashi measure, the measure of the Caratheodory metric, and the measure of 
the Kobayashi metric. Then we have the following: 

Theorem 3.1. Let D be a bounded domain in C", M and M' as above. Then we 
have 

sj^(z)M'o{z) < Md{z) < -2^,M'r,{z), z e D. 
In particular, if D is homogenous regular and sd{z) > c> 0, then 



2n 



C 



MM < Md{z) < 4;-M'i,{z),ze D 



and hence Md o,nd M' d o,re equivalent. 

Proof. Let f : D ^ B" be a holomorphic injective map with f{z) = and 
B"(0,s_d(z)) c /(£>). Note that Mb- = M'g,, = r^"MB^(o,r)- By the decreasing 
property of M and TW', we have 

s^2"(2)X^„(0) >Mf^D){0) > MbAO), 
s^2"(^)X5„(0) > 7W'^(^)(0) > Mb^O). 
Note that ^^<°'^°^ - we eet 

sj^iz)M'oiz) < Moiz) < ^^M'nizlz € D. 
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□ 

3.2. Comparisons of intrinsic metrics. It is known that the Kobayashi metric 
and Caratheodory metric on bounded domains are Finsler metrics satisfying the 
decreasing property. They are coincide on the unit balL It is also well known 
that the Caratheodory metric on a bounded domain is dominated by its Kobayashi 
metric. Let D be a bounded domain, and denote by T-L^ and Tif^ the Caratheodory 
metric and the Kobayashi metric on D respectively. With the same argument as in 
the proof of Theorem 13.11 one can prove the following 

Theorem 3.2. Let D he a hounded domain in C". Then 

sd{z)HUz) <H%{z) <H'^{z). 

In particular, if D is homogenous regular and S]j{z) > c > 0, then, for any z £ D, 

cHUz)<'H%{z)<hSc{z), 

and hence and are equivalent. 

For a bounded domain D, we have got a comparison between its Caratheodory 
metric "H^ and Kobayashi metric in terms of its squeezing function in Theorem 
13.21 The Bergman metric Hj^, which does not satisfy the decreasing property, is 
invariant under biholomorphic transformations. When D is pseudoconvex, it is well 
known that there is a unique complete Kahler-Einstein metric on D, denoted by 
, with Ricci curvature normalized by — (n + 1) |17) , which is also invariant 
under biholomorphic transformations. 

Theorem 3.3. Let D be a bounded domain in C" and z £ D, and let sjj be the 
squeezing function on D. Then 

ori+2 

SD{z)nE{z) ^ nEiz) ^ -^^nUz)- (i) 

If in addition D is pseudoconvex, then 

rr / \("-i)/2 

^-sn{z)nUz) ^ Hg^W ^ [-^)) ^^W- (2) 

Remark 3.1. If D is homogenous regular and sd{z) > c for some constant c > 0, 
the above comparison, with s_d(z) replaced by c, was proved in [24]. In particular, 
the Bergman metric and the Kahler-Einstein metric on D are equivalent to the 
Kobayashi metric. A slight modification of the method in [24j can be used to give 
the proof of Theorem 13.31 so we omit it here. 

For a metric /i on a bounded domain D, as explained in the above subsection, we 
can define the measure h. If there are two metrics h and h' on D satisfying 

the condition 

a{z)h'{z) < h{z) < b{z)h'{z),ze D, 
where a and h are two continuous strictly positive functions on D, then the measures 
A^'* and M.^ satisfy the comparison 

{a{z) f^M'''{z) < M''(z) < (6(z))2"A^'''(z), z e D. 

In particular, if h and h' are equivalent, then Ai'^ and Ai'^ are also equivalent. 

We have shown in Theorem 13.11 that the measures of the Kobayashi metric and 
the Caratheodory metric on a homogenous regular domain are equivalent, and 



8 



F. DENG, Q. GUAN, AND L. ZHANG 



they are equivalent to the Caratheodory measure and the Kobayashi measure. We 
also see that, on a homogenous regular domain, the Kobayashi metric and the 
Caratheodory metric are equivalent. By Theorem 13.31 they are equivalent to the 
Bergman metric and the Kahler-Einstein metric. As a consequence, we have 

Theorem 3.4. On a homogenous regular domain, the measures of the Kobayashi 
metric, the Caratheodory metric, the Bergman metric, and the Kahler-Einstein met- 
ric are equivalent, and they are equivalent to the Caratheodory and the Eisenman- 
Kobayashi measures. 

The equivalence of some of the above measures was established in [18] for Te- 
ichmiiller spaces, which is one kind of homogenous regular domains. 



Let D be a bounded domain andp S dD. Recall that p is called a globally strongly 
convex (g.s.c) boundary point of D if dD is C^-smooth and strongly convex at p, 
and D n TpdD = {p}, where TpdD is the tangent hyperplane of dD at p. In this 
section we will prove the following 

Theorem 4.1. Let D C C" be a bounded domain. If p is a g.s.c boundary point of 
D, then liuiz^p S]j{z) — 1. 

Note that squeezing functions are invariant under biholomorphic transforma- 
tions. By Fornffiss and Wold's result (Theorem ll.2l) . we get the following 

Theorem 4.2. Let D C C" be a bounded strongly pseudoconvex domain with C^- 
smooth boundary. Then VoiIz^qe) su{z) = 1. 

With Theorem 14.21 we can a different proof of B. Wong's result on characteriza- 
tion of the unit ball by its symmetry from strongly pseudoconvex domains, based 
on the original idea of localization of Wong. 

To prove Theorem 14.11 we need to introduce a new function cd on dD. Let D 
be a bounded domain in C" and p G dD. If D is C^-smoothly bounded at p and 
contained in some ball in C" with boundary point p, then eoip) is defined to be 
the minimum of the radii of balls with boundary point p which contain D. If D is 
not C^-smoothly bounded at p or no ball with boundary point p can contain D, 
we set enip) = -\-oo. By definition, it is clear that p is a g.s.c boundary point of 
D if and only if enip) < oo. The following proposition is an important step in our 
proof of Theorem 14.11 

Proposition 4.3. Let D be a bounded domain. Then eo is upper semi- continuous 
on dD. 



Proof. For r > and q E dD n U, let Bq r be the ball defined by 

\z-iq-rVp{q))\^ < r\ 

Let r > eD(p) be fixed, we want to prove that, for some neighborhood V C U oi p, 
D C Bg^r for all qedDnV. Let 



4. Boundary behavior of squeezing functions 



fr{z,q) 



|z- (g-rVp(g))|2 



r 



,2 



2r 
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By assumption, we can choose a local defining function p oi D near p such that 
||Vp|| = 1 and Hess{p){p) > cHess{fr{z,p))\z=p for some c > 1. By continuity, 
there is a neighborhood W oi p such that 

Hess{p){q) > cHess[Jr{z,q))\z=q (3) 

for q G dD n W . We may assume W is convex and small enough. Then, for any 
fixed q € dD n we have 

2n 

p{z) = Ax • ^p{q) + ^ hij{z,q)AxiAxj, 

where Ax — {Axi, ■ ■ ■ , Ax2n) = z — q is viewed as a vector in R^". The key point 
here is that all hi_j{z, q) are continuous on M^x (M^n9D), and hi,j{q, q) = q^.q^. (q)- 
By ([3]), replacing by a small enough relatively open subset of it, we have 

2n 

p{z) - fr{z,q) = ^ hij{z,q)AxiAxj - AxHess{fr{z,q))\z=qAx'^ > 

for (z, q)£W X {Wn dD). This implies that W C S,,^ for aU qedDnW. 

On the other hand, it is clear that there is an open subset y of such that 
D-W d Bq,r for ah q&^Df^V. So, for all q&^Df^V,we have D C B^^r- This 
implies eD{q) < r. Let r \ e£)(p), we see that e^i is upper semi-continuous at p. 

□ 

We now give the proof of Theorem 14.11 
Proof. By scaling if necessary, we can assume cd (p) < 1 . Let 

n 

B = {zeC" : 2Rezi + ^ \z,\^ < 0} 
i=i 

be the ball of radius 1 and centered at (— 1, 0, • • • ,0). It was shown in f8^ that there 
a series of biholomorphic transformations that map D to a domain, say, D' in B 
and map p to the origin 0, such that D' D dB = and 

limsz3,(r,0,--- ,0) = 1. (4) 

In other words, so'{z) tends to 1 as 2: tends to from the normal direction of 
dD' at the origin. We assume D C B and p is the origin. Then the process of 
transformation is as follows. 

Step 1. After a unitary transformation if necessary, we can assume the defining 
function p{z) of D near p = can be written as 

n 

p{z) =2Rezi + Re aij{p)ziZj 

(5) 

^ej] cj(p)ziz, + ^ 7V,(p)|z,f + o(|z|2). 

Let Hc,N ■ C" — > C" be the biholomorphic map given by 

Hi{z) = zi, H,iz) = zj + {cj{p)/{2Nj{p)))zi,j = 2, • • • ,n. 
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Shrinking Hc^m{D) in all directions and rescaling it in the z' directions, we obtain 
a domain D\ d B whose defining function near the origin is of the form 



p'{z) =2Rezi + 2ReJ2i>. 



<jZiZj 



(6) 



+ ReY^ a,jz,zj +M|z'|2 +o(|zn. 

Step 2. For e > 0, we define a biholomorphic map : B — )• B as: 



For e small enough such that 



satisfy the condition 

n 

T.\^j\<\ (7) 

i=i 

where A is a given uniform constant, then the domain D = Gb'{f~^{Di)) has a 
defining function near of the form 

n 

p"{z) = 2Rezi + i?e ^ aijZiZj + d\zi\'^ + M\z'\^ + o{\z\^), 

where the map Gy is defined as Gt,i{z) = {z\ + b'jZiZj,z'). We choose an 

integer N > 8M and set D2 = ^D. 

Step 3. Let aij{p) as in Step 1, and set 

1 

A{N -4'-k/2y 

where k < 2(N — 4) is a constant. We choose e > small enough and set D3 
hoFbO frHD2), where : C" C" is given by 



Fb{zi,z') = I -21 + X] ^ij^i^j^ ^' 

i,i=2 



and : C" ^ C" is given by h{zi,z') = (^ifzi, y'ifz' 

Repeat Step 3 several times (< 2{N — 4)) if necessary, we get a domain, say D', 
whose squeezing function satisfies the property stated in the beginning of the proof. 

Now we move forward to prove that limz^p sd{z) = 1. Let 
lp = {i-r,0')eD' :0<r<6p}, 

where 6p > very small. We have seen that sn'{z) converges to 1 when z tends to 

the origin along Ip. 

Let Ip be the inverse image of Ip in D under the series of transformations given 
in the above steps. Then /~ is a smooth curve in D through p. Since all the 
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transformations in the above steps are defined in some neighborhood of the closure 
of the domains involved, it is clear that there is a constant Cp > 1 such that 



-1 ^ d{z,p) 

for all z E l~ , where d{z,p) is the length of the part of /~ between z and p, and 
(— r(z),0') € Ip is the image of z. 

The speed of the convergence of ^ depends on the eigenvalues Cj {p) and Nj (p) 
of the local defining function that given in ([5]). However, a direct computation 
shows that the convergence is uniform if cj and Nj lie in a bounded set. 

We can do the same process for other boundary points near p. Note that eoip) < 
1, by Proposition l4.31 there is a neighborhood t/ of p in dD such that eoiq) < 1 for 
all q G U. Repeat the above process, we get a smooth curve /~ of length > Sq/cq 
in D though q such that saiz) tends to 1 as z tends to q along l~ . 

We need to check how the above Steps depend on p. In Step 1, we first meet the 
map H, which smoothly depends on parameters Cj{p) and Nj{p). By the Gram- 
Schmidt process, we see that Cj{q) and Nj{q) can smoothly vary with respect to 
q E U. Moreover this implies that the shrinking and rescaling appeared in Step 1 
can be taken to be uniform for q E U. This also implies that the positive numbers 
e appearing in Step 2 and Step 3 can be taken independent oi q E U. So, it is clear 
that all other transformations appearing in Step 2 and Step 3 are also smoothly 
depend on q E U. Moreover, for q E U, Cj{q) and Nj{q) vary in a compact set in 
C. One can also see that the first and second derivatives of these transformations 
are continuous, so 6q > and Cq > can be taken independent of q. 

We choose S > and define a map (p : [0,d) x U ^ D such that ip{t, q) is the 
unique point in l'^ with d{ip{t,q),q) = t. By the above discussion, (/? is a smooth 
map. It is clear that the tangent vector of l~ at p is not tangent to dD. So the 
differential of at p is a linear isomorphism. By the inverse function theorem, 
(/? is a local diffeomorphism near p. Without loss of generality, we may assume 
(p : [0,6) xU ^ ^) X [/) is a diffeomorphism. Hence, for each z E ifiHO, S) x U), 
there is a unique qz E U such that z E and d{z,qz) tends to uniformly as 
z — )■ dD uniformly. By the above discussion, we see limz_i.p S£)(z) = 1. □ 

Corollary 4.4 ([21]). Let D a bounded strongly pseudoconvex domain in C" with 
C"^ -smooth boundary. If the automorphism group Aut{D) of D is noncompact, then 
D is biholomorphic to the unit ball. 

Proof. If Aut{D) is noncompact, then, for any z E D, there is a sequence fj E 
Aut{D) and a point p E dD such that liva j ^ fj{z) — > P- By the holomorphic 
invariance of squeezing functions, sd{z) = soifjiz)) for all j. By Theorem 14.21 
limj_>.oo soifjiz)) — 1. Hence sd(z) — 1. By Theorem 2.1 in [5^, D is biholomor- 
phic to the unit ball. □ 



5. Applications 

5.1. Geometry of Cartan-Hartogs domains. In this subsection, we apply The- 
orem 11.11 to investigate squeezing functions and geometry of Cartan-Hartogs do- 
mains, which are certain Hartogs domains based on classical bounded symmetric 
domains. 
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Recall that a classical bounded symmetric domain is a domain of one of the 
following four types: 

Di{r, s) = {Z = (zjk) ■ I — ZZ^ > 0, where Z is an r x s matrix} (r < s), 

Dii{p) = {Z = (zjk) '■ I — ZZ* > 0, where Z is a symmetric matrix of order p}, 

Diii{q) = {Z = (zjk) '■ I — ZZ* > 0, where Z is a skew-symmetric matrix of order g}, 

Divin) = {Z = (zi, • • • , z„) e C" : 1 + \ZZ*\^ - > 0, 1 - |ZZ*| > 0}. 

Let be a classical bounded symmetric domain, then the Cartan-Hartogs do- 
main ilk associated to 57 is defined to be 

Clk = {{Z, W)enx C™; II W |p< N{Z, Zf}, (9) 

where m is a positive integer and /c is a positive real number, || W || is the standard 
Hermitian norm of W , and the generic norm N{Z, Z) for Di{r, s), Dii{p), Djij{q), 
Divin) are respectively det(/-ZZ*), det(/-ZZ*), det(/-fZZ*), and l + |ZZ*|2- 
2ZZ*. 

In |25j , Yin computed the automorphism groups and Bergman kernels of Cartan- 
Hartogs domains explicitly. Motivated by Liu-Sun- Yau's work [13 , Yin proposed 
the following open problem: whether Cartan-Hartogs domains are homogeneous 
regular |26j ? In this section, we give an afhrmative answer to this question. 

Theorem 5.1. Let flk be a Cartan-Hartogs domain defined as above: 

(1) for any Po = {Zq, Wo) G dClk, if Wn + 0, then 

lim SA (P) = 1; 

(2) rjfc is homogenous regular. 

Remark 5.1. The same estimate as in (1) of Theorem IS . 1 I does not hold for boundary 
point Pq = {Zo,Wo) e dClk with Wq = 0. In fact, such Pg is an accumulation 
boundary point of flk- If limp_j.pp s^^{P) — 1, by the same argument as in the 

proof of Corollary 14.41 one can prove that s^^ = 1 and hence (ik is biholomorphic 
to the unit ball, which is a contradiction. 

Consequently, by the work of Yeung in [24 and the results in ^ we have 

Corollary 5.2. Let D be a Cartan-Hartogs domain, then 

(1) D is hyperconvex, i.e., D admits a bounded exhaustive plurisubharmonic 
function; 

(2) the Bergman metric and the Kdhler- Einstein metric on D have bounded 
geometry, i.e., the injective radius have positive lower bound and the cur- 
vatures are bounded; 

(3) the Kobayashi metric, the Caratheodory metric, the Bergman metric, and 
the Kdhler- Einstein metric on D are equivalent; 

(4) all the intrinsic measures considered in ^ on D are equivalent. 

Proof (Proof of Theorem [5l]) Let X : 17 x C ^ [0, 1) be defined as 

x{z,w)= !!r*L^ -i- (10) 

Then X is a defining function of Vlk in 17 x C™. 
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We give the proof of the theorem m the case that 51 = Di{r,s) is a bounded 
symmetric domain of the first type in the above hst. In this case, N{Z, Z) = 
det(/ — ZZ*). Other cases can be proved with the similar argument. 

For any point {Z,W) € fifc, there exists an automorphism / of Clk such that 
f{Z, W^) = (0, • • • , 0, a) for some a > (see [55]). Assume {Pj} C hk with ^ 
Pq as j — >■ oo, and {fj} are automorphisms of flk with fj{Pj) — (0, • • • ,0,aj) 
(flj > 0), then limj_j.oo flj = 1- By the holomorphic invariance and continuity of 
squeezing functions and Theorem 14. 11 it sufhces to prove that (0, • • • ,0, 1) is a g.s.c 
boundary point of Clk- We now compute the real Hessian Hess(X)(0, • • • , 0, 1) of 
the defining function X at (0, • • • ,0, 1), where X{Z, W) = J[^^)fc — 1 as above. 
Let Zjk = Xjk + V^UjkA < 3 < r,l < k < s, then = + ^^f- and 



Zjk = Xjk -t V~ryjk,i J ^ r, L K ^ men ^ ^ 

^ - - ^f^^ - 77^ V It is clear that l^^^o = #U=o and 7,^7- U=o 



dyjk \9zjk dzjkj' dzj'^—^ dzj'^—" dzjkdziq' 

1,^0 = Oforah j,k,l,q. Note that diV(Z, Z) = N{Z, Z)-tr{{I~ZZ^)~'^d{I- 



dzjkdziq 

ZZ*)^. Direct calculations show that 



d'^N{z,z) 



dZjkdzin 



= ~tr (E,kEL) = 



-1, j^l,k = q; 
■jk^iq) I otherwise, 



where Ejk denotes a (r x s)-matrix whose components are non vanishing only at 
the (j, k) position. Therefore, we get 



Hess(X)(0,--- ,0,1) 



2kl2rs 

2/2™ 



Note also that VX(0, • • • , 0, 1) = 2 ^ 0, where Um is the real part of Wm, hence 
(0, • • • ,0, 1) is a globally strongly convex boundary point of Vlk. On the other hand, 
it is clear that n {um = 1} = {(0, • • • ,0, 1)}, so (0, • • • , 0, 1) is a g.s.c boundary 
point of fife. This completes the proof of the theorem. □ 

Remark 5.2. For k tends to 0, the sequence of domains Clk increases to the product 
domain VLxB^ . By Theorem l2.1l in the present paper and Theorem 7.3 and Theorem 
7.4 in ^5^, we have 

lim (Z, W)^sn^B^{Z, W) - {l + cn)-^'\ 

for all {Z,W) e Clk, where cn = r, p, [q/2], 2 for ft - Djir,s), Djj{p,q), Djjj{q), 
Divin) respectively. 

5.2. Geometry of Strongly pseudoconvex domains. In this subsection, we 
prove some results about geometry of strongly pseudoconvex domains. Those re- 
sults are well known and play important roles in several complex variables. But 
we want to show that they are direct consequences of the results in previous sec- 
tions. Throughout this subsection, we always assume that D is a bounded strongly 
pseudoconvex domain in C" with boundary. 

Corollary 5.3. The Caratheodory metric, the Kobayashi metric, the Bergman met- 
ric, and the Kdhler- Einstein metric on D are equivalent; and the Bergman/Kdhler- 
Einstein metric on D have bounded geometry (i.e., the curvature is bounded and 
the injective radius is bounded by a positive constant). 
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Proof. By Theorem 11.31 ^ is homogenous regular. So the corollary follows from 
Theorem [321 and Theorem [O in ^ and Theorem 2 in El • □ 



Corollary 5.4. Denote the Caratheodory metric, the Kobayashi metric, the Bergman 
metric on D byH'j^, H^, and respectively. Then 

(1) the metrics admit the following comparisons near the boundary: 

lini = lini ^4^4 = 1; 

(2) the sectional curvature of the Bergman metric on D tends to asymp- 
totically near the boundary. 

Proof. By Theorem 13.21 and Theorem 11.31 we have Imiz^gD ^g^^| = 1. Let z„ be 

a sequence in D going to dD. By Theorem ll.3| lim„^co sdI^h) = 1. So there 
exists a sequence of injective holomorphic maps fn : D B" with fn{zn) — 0, 
fn{D) C fn+i{D) and \J„fn{D) = B^. Let X„(z,z) be the diagonal Bergman 
kernel of fn{D) and Kq be the diagonal Bergman kernel of B". It is well known 
that Kn converges to Kq uniformly on compact subsets of Bn (see e.g. [12]). Since 
Kn and Kq can be written as sums of the norms of holomorphic functions, by 
Cauchy's inequality, the derivatives of Kn still converges to the derivatives of Kq 
uniformly on compact subsets of -B". In particular, the Bergman metrics on fn{D) 
at converges to the Bergman metric on Bn at 0. By the holomorphic invariance 
of the Kobayashi metric and the Bergman metric, we see 

Note that the curvature can be expressed in terms of second order derivatives of the 
Bergman metric on D, and the sectional curvature of the unit ball w.r.t the Bergman 
metric is — -^j^. By the holomorphic invariance of Bergman metric, we see that 
the sectional curvature of the Bergman metric on D tends to — asymptotically 
near the boundary. □ 

Corollary 5.5. LetA4 andAi' be any two of the five measures, i.e., the Caratheodory 
measure, the Eisenman-Kobayashi measure, the measure of the Caratheodory met- 
ric, the measure of the Kobayashi metric, and {n + 1)~" times of the measure of 
the Bergman metric on D. Then 

lim = 1. 

z^dD M'{z) 

Proof. This corollary is derived from a combination of Theorem 11.31 Theorem 13.11 
and Corollary [531 □ 



6. Further study 



In this section, we propose some directions related to the topics in the present 
paper for further study. 
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6.1. Potential application in algebraic geometry. Squeezing functions are 
originally defined on bounded domains, which are the classical objects of study in 
several complex variables. It is natural to consider whether the theory of squeezing 
functions can be applied to more general complex manifolds. Let X be a complex 
manifold whose universal covering is tt : X — > X. If X is biholomorphic to a 
bounded domain, then s is defined. By the holomorphic invariance of squeezing 
functions, s-^ can be pushed down to a continuous function on X . If X is compact, 
X is homogenous regular. This implies a lot of interesting informations about the 
geometry oi X, as shown in |24) . However, for generic compact complex manifolds, 
their universal covering can not be holomorphic equivalent to a bounded domain. So 
the application of this approach is much restricted. On the other hand, if restricting 
ourselves to the context of projective manifolds, we can say more as follows. 

By the uniformization theorem, the universal covering of a Riemann surface is 
either P^, C or A. In higher dimensions, there is no similar perfect phenomenon. 
On the other hand, based on Bers theory ([2]), Griffiths showed that any point z 
in a projective manifold X admits a Zariski open neighborhood U such that the 
universal covering U of C/ is biholomorphic to a contractible bounded domain in 
C" ([H]). Such a neighborhood U oi z is called a Griffiths neighborhood of z. We 
define 

sx{z) = sup{s^{z)}, 
u 

where the supremum is taken over all Griffiths neighborhoods [/ of z, and z d U 
is an inverse image of z under the covering map from U to U. As z varies on X, 
we get a function sx on X, which is also called the squeezing function of X. It 
is clear that sx is a positive function on X which is invariant under holomorphic 
transformations. As in the case of bounded domains, we need to consider two key 
problems in the context of projective manifolds. We need to study which algebraic 
geometric properties of a projective manifold are encoded in its squeezing function, 
and develop methods to estimate squeezing functions on projective manifolds. In 
the special case that X is a Riemann surface, it is clear that sx = 1, which is 
nothing but the Riemann Mapping Theorem. If X is homogenous, then sx is a 
constant, which is a holomorphic invariant of X. Even in the case that X = P", 
the projective space, it seems nontrivial to determine the exact value of sx- If 
X is a ball quotient, then sx = 1- It is also interesting to consider possible gap 
phenomenon. Namely, for each fixed n > 1 and < r < 1, is there a projective 
manifold X of dimension n such that r is the exact lower bound of sx? 

6.2. Holomorphic transformations of strongly pseudoconvex domains. Let 

D he a, strongly pseudoconvex bounded domain in C" and p e dD. By definition, 
a peak function on at p is a holomorphic function h on D (i.e., h is holomorphic 
on some neighborhood of D) such that h{p) = 1 and \h{z)\ < 1, z G D — {p}. Given 
Forna;ss and Wold's result (Theorem II. 2p . one can easily recover the well known 
result that each boundary point of D admits a peak function. We want to consider 
the theory of peak functions and globally strongly convexity more carefully. In each 
side, there have three levels: 

• Level One: pointwise existence. 

Assumption: Let D C C" be a strongly pseudoconvex domain with 
C'^(fc > 2) boundary. Assume p is an arbitrary boundary point of D. 
Purpose: to prove the existence of 
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(1) a peak function on D at p; and 

(2) a holomorphic injective map /p : -D — >■ C" such that fp{p) is a g.s.c 
boundary point of fp{D). 

• Level Two: variation with respect to boundary points. 

Assumption: Let D C C" be a strongly pseudoconvex domain with 
C''{k>2) boundary. 

Purpose: to prove the existence of 

(1) a C'^^^ map H : dD x D ^ C such that, for each p £ dD, hp :— 

•) : Z) — >■ C is a peak function on D at p; and 

(2) a C'^-^ map F : dD x D ->■ such that, for each p e dD, fp 
F{p,-) : I? C" is holomorphic and injective such that fp{p) is a 
g.s.c boundary point of fp{D). 

• Level Three: variation over a family. 

Assumption: Denote by A the unit disc. Let p : A x C" — > R be a C''- 
smooth p.s.h function (fc > 2) whose restriction pt on each fiber {t} x C" is 
strictly plurisubharmonic. Let T> = {{t,z) S A x C";/9(t, z) < 0}, and let 
TT : 2? — > A be the natural projection. Then V can be viewed as a family of 
strongly pseudoconvex domains over A. We denote by Dt the fiber over t 
given by V f] {{t} x C"). Let d^V = UteAdDt, and Vf =V\J d^V. 

Purpose: to prove the existence of 

(1) a C''-^ map H : d^V x^t>f -^C such that for each p e dDt C d^V, 
hp.t '■— 'H{p, •) : -Dt — > C is holomorphic and gives a peak function on 
Df at p; and 

(2) a C''^^ map T :d^V x^V^ ->■ C" such that for each p e dDt C d^V, 
fp.t '■— J'ip, ■) ■ Dt ^ C" is holomorphic and injective, and fp,t(p) is a 
g.s.c boundary point of fp^t{Dt). 

As we have seen. Lever One was established by Fornaess and Wold. The existence 
of H in Level Two is also known, which plays an important role in the study of 
geometry of strongly pseudoconvex domains (see [TU]). 
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